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Abstract: We analyze the ground states of a two-dimensional sigma-model whose target
space is an elliptically fibered K3, with the sigma-model compactified on S
1 with bound-
ary conditions twisted by a duality symmetry. We show that the Witten index receives
contributions from two kinds of states: (i) those that can be mapped to cohomology with
coefficients in a certain line bundle over the target space, and (ii) states whose wave-
functions are localized at singular fibers. We also discuss the orbifold limit and possible
connections with geometric quantization of the target space.
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1 Introduction
Consider a supersymmetric 1+1D σ-model with target space X (a Ka¨hler manifold with
metric G and 2-form field B) that is invariant under a suitable mirror-symmetry transfor-
mation, so that in this model mirror-symmetry is a discrete nonperturbative symmetry.
We wish to study the Hilbert space H of ground states of a compactification of this σ-
model on S1 with supersymmetric boundary conditions that include a mirror-symmetry
twist. The mirror-symmetry twist is constructed as follows. Let (σ0, σ1) be the space-time
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coordinates with 0 ≤ σ1 < 2π parameterizing S1, and −∞ < σ0 <∞ parameterizing time.
To insert a mirror-symmetry twist at, say, σ1 = 0, we first Wick rotate by setting σ0 = iσ2,
then consider σ1 as the (Euclidean) time direction and insert the operator Mˆ that realizes
mirror-symmetry at σ1 = 0. Correlators of operators Oˆ1, . . . , Oˆn in this theory can be
defined as tr{Mˆ(−1)F e−2πHˆOˆn · · · Oˆ1}, where Hˆ is the Hamiltonian of the field theory, F
is the fermion number, tr is the trace over the Hilbert space of the (untwisted) σ-model
compactified on S1 (which now corresponds to the space direction σ2), and the operators
are assumed to be in the Heisenberg picture and ordered according to increasing σ1.
Duality twists (sometimes referred to as “monodrofolds” or, in our context, as “mir-
rorfolds”) have been extensively studied in a variety of contexts (see for example [1]-[10]
for a sampling of the literature), and several interesting approaches have been developed to
understand such backgrounds. For T 2d target spaces and their orbifolds the mirror-twist
reduces to a T-duality twist, and the compactification is a sector of an asymmetric orbifold.
For a K3 target space, the spectrum of the theory at special limit points in moduli space
(Gepner points) was computed in [10].
Our goal in this paper is relatively modest – to learn about the ground states of the
theory, describe their wave-functions in more detail, and explore possible connections with
geometric quantization of the target space. One of the motivations for this work is to
develop tools to study compactifications with duality twists in gauge theory. For example,
a compactification of 3+1D N = 4 Super-Yang-Mills theory on S1 with an S-duality twist
was studied in [11]-[14], where a possible connection with Chern-Simons theory was also
explored. This hints at a relation between our present σ-model problem and geometric
quantization as follows. S-duality can be related to mirror-symmetry of a certain 1+1D
σ-model by compactifying the 3+1D gauge theory on a Riemann surface [15, 16]. The σ-
model’s target space is the Hitchin space associated with the gauge group and the Riemann
surface (see [17] for more details). On the other hand, the Hilbert space of Chern-Simons
theory on a Riemann surface can be obtained by geometric quantization of the moduli
space of flat connections on the surface [18], and the latter can naturally be embedded
in the Hitchin space as the fixed locus of a certain global symmetry. Thus, the question
arises whether the Hilbert space of the mirror-symmetry twisted σ-model compactification
is related to the Hilbert space obtained by geometric quantization of the target space (or
a suitable subspace of it).
Another motivation is to learn about the operator Mˆ that realizes mirror-symmetry.
Mirror-symmetry is a nonperturbative phenomenon of 1+1D σ-models, and the Hilbert
space of the mirror-twisted compactification carries information about the operator Mˆ.
Restricting to ground states is equivalent to taking the low-energy limit, where roughly
speaking, correlators reduce to tr{Mˆ(−1)F Oˆn · · · Oˆ1}. Thus, understanding the Hilbert
space of ground states (and the operators that act on it) is a way to probe the mirror
symmetry operator Mˆ.
The main focus of this paper is one particular case (with potential generalizations) —
an elliptically fibered K3 target space, with the mirror-symmetry that can be realized as
T-duality on the fiber. While a lot of progress has been made in understanding mirror-
symmetry (see e.g., [19, 20] and references therein) and certainly a lot is known about
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mirror-symmetry of K3, we are unaware of any explicit study of the ground states of the
particular compactification that we are investigating in this paper. For the present analysis
we begin with a careful study of a σ-model with T 2 target space, compactified with a T-
duality twist. The Hilbert space of ground states naturally maps to the Hilbert space
obtained by deformation quantization of T 2 at level 2. We then fiber this Hilbert space
over the base of the elliptic fibration to construct ground states of the K3 compactification.
We then calculate the contribution of these states to the Witten index (which can be
calculated by other means), and we find a discrepancy. We interpret this discrepancy
as the contribution of ground states with wave-functions localized at singular fibers. We
show that the two calculations of the Witten index are consistent if one ground state is
associated with each singular fiber, and we bring supporting evidence for this conjecture
from nonperturbative string theory.
The paper is organized as follows. In §2 we review some basic facts about supersym-
metric nonlinear σ-models and define the mirror-twist. In §3 we discuss the simple case
of a T 2 target space. In §4 we discuss the case of elliptically fibered K3 surfaces with a
mirror-symmetry twist that can be understood as local T-duality of the fiber. This section
contains our main results for the ground states. In §5 we discuss duality twists in the
orbifold limit of the K3 σ-model, and in §6 we further explore possible connections with
geometric quantization. We conclude with a discussion in §7.
2 The σ-model and the mirror-symmetry twist
Our spacetime is two-dimensional, and we work either in Minkowski signature with space-
time coordinates (σ0, σ1) or in Euclidean signature with complex (worldsheet) coordinate
z ≡ σ1+ iσ2. The supersymmetric σ-models have an action of the form [21] (and we follow
the conventions of [22]):
I0 =
1
π
∫ (
1
2 (GIJ + iBIJ)∂φ
I ∂φJ + i2GIJψ
I∂ψJ + i2GIJψ
I
∂ ψ
J
+ i2GIJψ
I∂φLΓJLKψ
K + i2GIJψ
I
∂φLΓJLKψ
K
+ 14RIJKLψ
IψJψ
K
ψ
L)
d2z , (2.1)
where ∂ ≡ ∂z, ∂ ≡ ∂z, φI (I = 1, . . . , d) are scalars, ψI and ψI are fermions, GIJ (φ) are
the components of the metric on target space X, ΓJLK are the Christoffel symbols derived
from GIJ , RIJKL are the components of curvature, and BIJ(φ) are the components of an
antisymmetric B-field, assumed to be a closed 2-form. We will take X to be a Calabi-Yau
manifold and label the complex coordinates by i, j, k, . . . and their complex conjugates
by i, j, k, . . .. The Ka¨hler condition is equivalent to requiring that the metric GIJ is of
type (1, 1) (i.e., Gii = Gii are the only possible nonzero components) and further, the
only allowed nonzero Christoffel symbols are Γijk and Γ
i
jk
. The Calabi-Yau condition is
equivalent to having a coordinate system where
√
G = detGii = 1. We also assume that
the 2-form B-field is of type (1, 1) (i.e., only Bii = −Bii can be nonzero).
Next, we introduce the mirror-symmetry-twist. We assume that X and the metric
G and B-field are special so that “mirror-symmetry” is not only a duality but an actual
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symmetry. In other words, the mirror of X is the same manifold and at the same point in
moduli-space. We then introduce a cut at σ1 = 0 (for all times σ0) and connect the fields
just left of the cut to the fields just right of the cut via a mirror-symmetry transformation
(which, of course, is not algebraic in the fields). Our goal is to understand the low-energy
description of this system, i.e., the ground states.
The Lagrangian (2.1) is invariant under the supersymmetry transformations:
δφI = iηψI + iηψ
I
,
δψI = −η∂φI − iηψKΓIKMψM , (2.2)
δψ
I
= −η∂φI − iηψKΓIKMψM ,
where η and η are left and right SUSY generators. Mirror-symmetry commutes with these
transformations.
For a Ka¨hler target space, we split the coordinates into holomorphic (labeled by
i, j, k, . . . ) and anti-holomorphic (i, j, k, . . . ). The nonzero metric components are of (1, 1)-
type (i.e., Gij) and satisfy the Ka¨hler condition (∂[igj]k = 0). Defining ψi ≡ Gijψ
j
and
ψi ≡ Gjiψj , we can write the action as
I0 =
1
π
∫ (
Gij∂φ
i ∂φj + iψj∂ψ
j + iψi∂ ψ
i
+i∂φiΓj
ik
ψjψ
k + i∂φlΓilkψiψ
k
+Rkj
i
j
ψiψ
j
ψkψ
j
)
d2z (2.3)
For every complex structure under which the target space is Ka¨hler there are additional
SUSY transformations:
δφi = 0 , δφi = iηψi + iηψ
i
,
δψi = −η∂φi , δψi = −iηψjΓi
jk
ψk , (2.4)
δψ
i
= −η∂φi , δψi = −iηψjΓi
jk
ψ
k
.
Mirror-symmetry does not necessarily commute with these transformations. We will return
to the question of how much SUSY is preserved in §4.1.
Later on, it will be convenient to have explicit expressions for the canonical duals of
φi and φi. They are:
Πi =
1
4Gij∂0φ
j + 12 iΓ
k
ijψkψ
j
, Πi =
1
4Gji∂0φ
j + 12 iΓ
k
ij
ψkψ
j .
and we have
[Πi(σ1), φ
j(σ′1)] = −iδji δ(σ1 − σ′1) , [Πi(σ1), φj(σ′1)] = −iδji δ(σ1 − σ
′
1) .
and the fermions’ commutation relations are
{ψi(σ1), ψj(σ′1)} = 4πδijδ(σ1 − σ′1) , {ψ
i
(σ1), ψj(σ
′
1)} = 4πδijδ(σ1 − σ′1) .
– 4 –
The supersymmetry generators are
Q =
∫
ψi
(
Πi +Gii∂1φ
i
)
dσ1 , Q =
∫
ψi
(
GiiΠi + ∂1φ
i + · · · )dσ1 (2.5)
[where (· · · ) denotes higher order terms that are not important here], so that
δ(· · · ) = i[ηQ+ ηQ, (· · · )].
Note that the definition of Q does not suffer from any normal ordering ambiguity, while
the definition of Q does require a normal ordering prescription (for Gij(φ) and Πi). We
take this opportunity to recall that the sigma-model can be topologically twisted [22],
and for our flat worldsheet (S1 × R) the twisting has no effect on the spectrum. With
ordinary supersymmetric (Ramond-Ramond) boundary conditions on S1 the ground states
correspond to Dolbeault cohomology, and Q is identified with ∂ [22]. In the rest of this
paper we will look for a geometric interpretation for the ground states of the model with
boundary conditions that include a mirror-symmetry twist.
3 T 2 target space
The simplest target space we can consider is X = T 2. We parameterize the metric and
B-field in terms of two complex coordinates ρ ≡ ρ1 + iρ2 and τ ≡ τ1 + iτ2 as
ds2 ≡ GIJdxIdxJ = ρ2
τ2
|dx1 + τdx2|2 , BIJdxI ∧ dxJ = 2ρ1dx1 ∧ dx2 ,
where 0 ≤ x1, x2 < 2π are periodic coordinates. The action is (and we now switch from
coordinates xI to fields φI):
I0 =
1
2π
∫ (
(GIJ + iBIJ)∂φ
I∂φJ + iGIJψ
I∂ψJ + iGIJψ
I
∂ ψ
J)
d2z . (3.1)
T-duality acts as ρ→ −1/ρ, keeping τ fixed, and is a symmetry for ρ = i. From now on we
assume that we are at the self-dual point ρ = i of moduli space. Now, let us compactify
direction σ1 on S1 so that 0 ≤ σ1 < 2π. Usual (Ramond-Ramond) periodic boundary
conditions require that the value of every fermionic field at σ1 = 0 be equal to its value at
σ1 = 2π, and for bosonic fields both field and first derivative should be equal. In order to
introduce a T-duality twist we first relax the condition of continuity and allow the fields
at σ1 = 0 to be independent of the fields at σ1 = 2π. We denote by a subscript (>) or (<)
the limiting values of the various fields as σ1 → 0 or σ1 → 2π:
φI(>) ≡ φI(0, σ2) , φI(<) ≡ φI(2π, σ2) ,
ψI(>) ≡ ψI(0, σ2) , ψI(<) ≡ ψI(2π, σ2) ,
ψ
I
(>) ≡ ψI(0, σ2) , ψI(<) ≡ ψI(2π, σ2) .
 (3.2)
The T-duality twist is then accomplished by adding the following term to the action I0 of
(3.1):
I1 =
i
2π
∫ √
GǫIJ
[
φI(<)∂2φ
J
(>) + 2ψ
I
(<)ψ
J
(>) + 2ψ
I
(<)ψ
J
(>)
]
dσ2 , (3.3)
where ∂2 ≡ ∂/∂σ2. The classical equations of motion that one gets by varying the action
I0+ I1, where I0 is given in (3.1) and I1 in (3.3), are the free field equations away from the
twist point σ1 = 0, and at the twist point we get the boundary conditions:
ǫIJ∂2φ
J
(>) = i∂1φ
I
(<) , ǫ
I
J∂1φ
J
(>) = −i∂2φI(<) , ǫIJψJ(>) = −ψI(<) , ǫIJψ
J
(>) = −ψI(<) .
(3.4)
These equations indeed realize T-duality. The term I1 is also invariant under N = (2, 2)
supersymmetry with parameters η, η (using the bulk Dirac equation):
δφI = iηψI + iηψ
I
+ iη′ǫIJψ
J + iη′ǫIJψ
J
,
δψI = −η∂zφI − η′ǫIJ∂zφJ ,
δψ
I
= −η∂zφI − η′ǫIJ∂zφJ .
Beyond the classical level, the identification of (3.3) with the T-duality twist can be argued
by taking direction σ1 to be (Euclidean) time and realizing the operator of T-duality on
wave-functionals of the fields at σ1 = 0. The result is that a wave-functional of the field
φI(<)(σ
1) can be converted to the dual wave-functional by multiplying the wave-functional
by the bosonic part of e−I1 and path-integrating over [DφI(<)]. (See [11] for more details.)
3.1 Discrete symmetries
Target space momentum and winding number are not conserved by I1 [defined in (3.3)]
but there is a combination of them that is conserved and gives rise to a useful discrete
symmetry. To find this combination, consider first the theory without the T-duality twist.
The momentum (p1, p2) and winding (w
1, w2) quantum numbers (which take integer values)
are conserved, but they do not commute with T-duality, which acts on them as:
p1
p2
w1
w2
→

w2
−w1
p2
−p1
 .
However, the combinations
U1 ≡ (−1)p1+w2 , U2 ≡ (−1)p2+w1 ,
which take values in Z2, are conserved. We will argue below in §3.3 that when we insert
the T-duality twist, U1 and U2 give rise to good Z2-valued quantum numbers, but they
acquire a nontrivial commutation relation:
U1U2 = −U2U1 . (3.5)
3.2 Mode expansion
T-duality acts as
∂φI → GIJǫJK∂φK , ∂φI → −GIJǫJK∂φK ,
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or explicitly,
∂φ1 + τ∂φ2 → i(∂φ1 + τ∂φ2) , ∂φ1 + τ∂φ2 → −i(∂φ1 + τ∂φ2)
and similarly
∂φ1 + τ∂φ2 → −i(∂φ1 + τ∂φ2) , ∂φ1 + τ∂φ2 → i(∂φ1 + τ∂φ2) .
With the T-duality twist, the mode expansion is:
ψ1 + (τ1 ± iτ2)ψ2 =
∑
n∈Z
b±
n± 1
4
ei(n±
1
4
)(σ1+iσ2) , ψ
1
+ (τ1 ± iτ2)ψ2 =
∑
n∈Z
b
±
n∓ 1
4
ei(n∓
1
4
)(−σ1+iσ2) ,
(3.6)
and,
∂φ1 + (τ1 ± iτ2)∂φ2 =
∑
n∈Z
α±
n±
1
4
ei(n±
1
4 )(σ1+iσ2) , ∂φ1 + (τ1 ± iτ2)∂φ2 =
∑
n∈Z
α˜±
n∓
1
4
ei(n∓
1
4 )(−σ1+iσ2) .
(3.7)
Thus, the boundary conditions (3.4) create a spectral flow in the free field mode expansion
and the modes are shifted to values in Z± 14 .
As we shall see in §3.3, there are two ground states. We denote them by |j〉, with
j = 0, 1. They satisfy
0 = α+
n− 1
4
|j〉 = α˜−
n− 3
4
|j〉 = α−
n− 3
4
|j〉 = α˜+
n− 1
4
|j〉 , n = 1, 2, 3, . . .
and
0 = b+
n− 1
4
|j〉 = b−n− 3
4
|j〉 = b−
n− 3
4
|j〉 = b+n− 1
4
|j〉 , n = 1, 2, 3, . . .
3.3 Ground states
The mode expansions (3.6)-(3.7) show that after the T-duality twist the worldsheet fields
no longer have any zero modes. Nevertheless, we will now argue that the ground state is
a doublet. One way to see this is by performing T-duality on direction x1. This duality
interchanges the moduli ρ and τ and replaces the T-duality twist (which corresponded to
ρ → −1/ρ) with an ordinary geometrical twist (τ → −1/τ) which for τ = i corresponds
to a rotation by π/2 of the T 2 (around some fixed point, say the origin). We denote the
scalar fields of this dual worldsheet theory by Φ˜1 and Φ2, so that Φ˜1 + iΦ2 is a coordinate
on the dual torus. In this T-dual description the ground states correspond to fixed points
of the rotation. These are the two allowed discrete values of the zero mode of the (dual)
scalar worldsheet field, and there are two such fixed points: either the origin (Φ˜1 = Φ2 = 0)
or the center of the torus (Φ˜1 = Φ2 = π). Furthermore, the operators U1 and U2 acquire
a geometrical interpretation. U1 is mapped to a translation (which commutes with the
twist):
U1 : Φ˜
1 + iΦ2 7→ (Φ˜1 + π) + i(Φ2 + π) .
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The operator U2 is mapped to a topological charge which can be defined as follows (see
[12] for a related discussion). Consider the 3-dimensional space M that we construct as
a T 2 fibration over S1 with the fiber being the target space and the base being the σ1
circle. The homology of this space is H1(M,Z) = Z ⊕ Z2 where the Z factor is generated
by the homology class of a loop that wraps around the S1 base at constant T 2 position
Φ˜1 = Φ2 = 0, and the Z2 factor is generated by the homology class of a loop that wraps one
of the short nontrivial cycles of the fiber T 2 at a constant σ1 (which becomes a torsion class
because of the identification induced by the twist). Now let (Φ˜1(σ1),Φ2(σ1)) be any smooth
field configuration that respects the twist. We can associate a topological Z2 charge with
it by interpreting it as a loop in M . The Z2 charge (with values ±1) is then determined
from the homology of the loop. This ±1 charge is then identified with the eigenvalue of the
operator U2. It is also not hard to check (see [12]) that the loop at the origin (Φ˜
1 = Φ2 = 0)
and the loop at the center (Φ˜1 = Φ2 = π) have opposite U2 charge. If we denote by |0〉 the
ground state that corresponds to the mode expansion around Φ˜1 = Φ2 = 0, and by |1〉 the
ground state that corresponds to the mode expansion around Φ˜1 = Φ2 = π then we can
summarize the above observations as
U1|0〉 = |1〉 , U1|1〉 = |0〉 , U2|0〉 = |0〉 , U2|1〉 = −|1〉 ,
where we have arbitrarily assigned to |0〉 the Z2 charge +1. In particular, the commutation
relation (3.5) follows. In section §3.6 we will present another way to verify that there are
two ground states, in terms of deformation quantization of the target space.
3.4 Fermion number
The fermions have modes labeled by n± 14 , and all the zero modes have been eliminated by
the T-duality twist. However, the ground states |j〉 have odd fermion number (−1)F = −1,
as we will now argue. To see this, we compactify the worldsheet on T 2 and calculate the
Witten index in two ways. From the discussion above, the Witten index is 2(−1)F . On
the other hand, by modular invariance, the Witten index is also
I = trH0
[
(−1)FS] ,
where the trace is taken over the Hilbert space of ground states of the 1+1D σ-model
compactified on S1 without a T-duality twist, and S is the T-duality operator on that
Hilbert space. The T-duality operator is part of the SL(2,Z)ρ×SL(2,Z)τ group of dualities
that act on the Hilbert space of ground states. Here SL(2,Z)ρ acts on the complexified area
of T 2, while SL(2,Z)τ is the mapping class group which acts on the complex structure τ .
The ground states of H0 correspond to the cohomology of T 2 and are in the (2, 1) ⊕ (1, 2)
representation of the duality group. The two states corresponding to H1(T 2,Z) have odd
fermion number and are singlets of SL(2,Z)ρ while the two states of H
0(T 2,Z)⊕H2(T 2,Z)
are a doublet of SL(2,Z)ρ and a singlet of SL(2,Z)τ . The operator S acts as the identity
on H1(T 2,Z) and as the matrix
(
0 1
−1 0
)
on H0(T 2,Z)⊕H2(T 2,Z). The Witten index is
therefore −2 and the states |j〉 therefore have odd fermion number, as stated.
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3.5 Other elements of SL(2,Z)
We can also consider twisting the boundary conditions by the SL(2,Z) transformations
±
(
1 −1
1 0
)
which keep the ρ = eπi/3 value fixed and generate an abelian group of order r = 6 (for the
+ sign) and r = 3 (for the − sign). In addition, it is also useful to consider as a test case
the twist by the central element −1 ∈ SL(2,Z). This is equivalent to a geometrical rotation
by π and keeps every value of ρ fixed. It has order r = 2. The modified mode expansions
have modes with values in Z ± 1
r
. There are k ground states |j〉 (j = 0, . . . ,k − 1) with
k = 1 for r = 6, k = 3 for r = 3 and k = 4 for r = 2. Further explanation of the meaning
of k follows in section §3.6 and §6.
3.6 Relation to the noncommutative torus and the Landau problem
We are interested in the ground states of the theory described by the action I0 + I1 [see
(3.1) and (3.3)]. The ground states of this system can also be established by a standard
analysis of the relevant terms at low-energy. We have compactified the 1+1D theory on
S1, and below the Kaluza-Klein scale (the inverse of the radius L1 of the σ
1 circle) we can
neglect the dependence of the fields on σ1. More precisely, the boundary conditions (3.4)
imply that excited states have energy of the order of the σ1-compactification scale (at least
1/4L1). The only terms that survive the low-energy limit are those coming from I1, and
since there is no longer any σ1 dependence, we can set φI(>) = φ
I
(<) ≡ φI(σ2) , and similarly
for the fermionic fields. The fermionic fields become massive and irrelevant at low-energy,
and we are left with the 0+1D action
I = − i
2π
∫
ǫIJφ
I∂2φ
Jdσ2 = − i
2π
∫
ǫIJφ
IdφJ . (3.8)
Note that we have dropped the kinetic terms proportional to (∂2φ
I)2 since they are IR
irrelevant, as can be verified by simple dimensional analysis. It is nevertheless convenient
to add the kinetic term again so as to get the Lagrangian of a Landau problem (a particle
in a uniform magnetic field) on T 2:
IL =
1
2π
∫ (
1
2mGIJ x˙
I x˙J − ik
2
ǫIJx
I x˙J
)
dt , (3.9)
where we set t ≡ σ2, and m = 2πL1 is the mass parameter (which is the circumference of
the σ1 direction). We have also introduced k ≡ 2 in (3.9). Other values of k appear in
connection with the other elements of the SL(2,Z) duality group discussed in §3.5. The
ground states of (3.9) are Landau wave-functions (independent of m and the area of the
T 2):
ϕj,k(x1,x2) =
1
2π
(2kτ2)
1
4 e
ikx1x2
4pi
∞∑
n=−∞
ei(kn+j)x1+πikτ(
x2
2pi
+n+ j
k
)2
=
1
2π
(2kτ2)
1
4 e
ikx1x2
4pi eπiτk(
x2
2π )
2
Θj,k(
x1+τx2
2π ; τ) (3.10)
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where the Θ-function is defined as
Θj,k(u, τ) ≡
∞∑
n=−∞
eπikτ(n+
j
k
)2+2πik(n+ j
k
)u (3.11)
and is holomorphic in u and τ .
In the low-energy limit the kinetic term in (3.9) can be dropped, and as is well-known,
we are left with the Lagrangian that describes a noncommutative T 2 with symplectic form
k
4π2
dx1 ∧ dx2. Thus, k has the interpretation of the level of the deformation quantization
problem of T 2. We will return to this point in §6.
4 Elliptically fibered K3 target spaces
The analysis of §3 can be extended to curved target spaces X that can be represented as
an elliptic fibration. Such spaces are described by fibering a torus with a complex structure
that varies over some base B. More precisely, there exists a surjective holomorphic map π
from the d dimensional space X to a complex space B of (complex) dimension d− 1 such
that the inverse image π−1(p) of a generic point p ∈ B is a torus. The complex structure
τ of the fiber π−1(p) is allowed to vary (holomorphically) with the point p along the base
B. An important example is X = K3 with B = CP
1. This construction was developed in
detail in [23] and is central to F-theory [24]. The complex structure τ is allowed to become
∞ (possibly after an SL(2,Z) transformation) at a codimension-1 submanifold of B, which
for a generic elliptically fibered K3 turns out to be 24 isolated points z1, z2, . . . , z24. We will
assume that sufficiently far from these points τ varies very slowly over distances of order 1
(the string-scale). The metric then takes the approximate form
ds2 =
ρ2
τ2
|dx1 + τdx2|2 + gzz|dz|2 , (4.1)
where z is a complex coordinate on B, 0 ≤ x1,x2 < 2π are periodic coordinates on the
fiber, ρ2 is the constant area of the fiber, τ(z) is a locally defined holomorphic function of
the base, and τ2 is the imaginary part of τ. The behavior of the complex structure τ as a
function of z is conveniently encoded by the equation [23]:
y2 = x3 − f(z)x− g(z) , (4.2)
where f and g are holomorphic functions of z, which for a K3 are polynomials of degrees
8 and 12, respectively. The complex structure is given in terms of the j-function
j(τ) =
64f3
f3
27 − g
2
4
.
The hyper-Ka¨hler metric gzz is determined as follows. In the notation of [26], one defines a
holomorphic function a(z) by solving dadz =
∮
α
dx
y , where α is a basic 1-cycle of the T
2 fiber
at z (the cycle that corresponds to a constant x2, with x1 running from 0 to 2π). We then
have gzz = τ2
∣∣∣dadz ∣∣∣2 . The form of the metric (4.1), where the components are independent
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of x1 and x2, is approximate, with corrections that are exponentially small sufficiently far
away from the points zi of the singular fibers.
1
Now we take a sigma-model with a metric of the approximate form (4.1). We set ρ = i
(ρ is part of the Ka¨hler moduli of the sigma-model). T-duality of the fibers now extends to
mirror-symmetry of the whole space [19, 27]. We can then compactify on S1 with a mirror-
symmetry twist. The goal of this section is to understand the ground states of the twisted
compactification in terms of a semi-classical description involving B alone. We specialize
to the K3 case for which, as mentioned above, there are 24 points z1, . . . , z24 where the
fiber degenerates. We will refer to them as special points. We have chosen a metric on
the base that is large enough so that (sufficiently far away from the special points) the
complex structure τ(z) varies sufficiently slowly, and we can then study the problem in a
Born-Oppenheimer approximation whereby we treat the fields along the fiber as the “fast
modes” and the fields along the base as the “slow-modes.” As we will describe below, we
can then reduce the problem to what is essentially a quantum mechanical problem with
B as the configuration space. We will develop this quantum mechanical description along
the following lines:
1. Sufficiently far away from the special points zi, we can derive a simple wave-equation
for the wave-function.
2. The wave-functions have nontrivial monodromies around special points. In general
when passing through a cut that emanates from a special point, the T 2 fiber undergoes
a certain SL(2,Z) (mapping class group) transformation, which acts nontrivially on
the wave-function [23, 24]. These nontrivial monodromies around the zi’s can be
eliminated by encoding the wave-functions in terms of sections of certain holomorphic
line bundles on the total space. The boundary conditions at the special points are
determined by normalizability of the wave-function.
3. There are additional “bound states” whose wave-functions are localized at the special
points and are out of reach of the classical analysis above. However, the Witten index
allows us to glean some information about these bound states.
We now proceed to describe each part in detail.
4.1 Supersymmetry
The moduli space of the σ-model with K3 target space is [28, 29]:
O(20, 4,Z)\O(20, 4,R)/(O(20) ×O(4)) = O+(20, 4,Z)\O+(20, 4,R)/(O(20) × SO(4)),
(4.3)
where O+(20, 4,R) denotes an index-2 subgroup of O(20, 4,R). The amount of worldsheet
supersymmetry in the mirror-twisted setting is determined as follows. The σ-model has
1 In Seiberg-Witten theory such spaces appear as moduli spaces of 3+1D SU(2) gauge theories compact-
ified on S1 [25]. We are here considering the limit that the Kaluza-Klein energy scale is much smaller than
the QCD scale, and the exponentially small corrections arise from BPS particles with Euclidean worldline
along the circle.
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N = (4, 4) supersymmetry with an SU(2)L ⊗ SU(2)R R-symmetry (with SU(2)L acting
on the left-moving sector of the CFT and SU(2)R acting on the right-moving sector). The
supercharges are in the spinor representation (2, 1) ⊕ (1, 2). The R-symmetry SU(2)L ⊗
SU(2)R can be identified with a double-cover of the SO(4) factor in (4.3) in the following
sense [28, 29]. Set
K ≡ O(20) × SO(4) , G ≡ O+(20, 4,R) , Γ ≡ O+(20, 4,Z) .
Then, the supercharges of the theory live in a vector bundle over the moduli space Γ\G/K
whose structure group is SU(2)L×SU(2)R which is a double cover of SO(4). The principal
bundle [i.e., the bundle one gets upon replacing the fiber of the vector bundle with the
structure group SO(4)] is Γ\G/SO(20) (which is an SO(4) bundle over the base Γ\G/K).
Now let gK ∈ G/K be the point in moduli space, represented as a coset of groups. If
Mˆ ∈ O+(20, 4,Z) preserves gK then g−1Mˆg ∈ K. Let ρ ∈ SO(4) be the projection of
g−1Mˆg to the SO(4) factor of K. We will now argue that the left-moving supercharges
transform as (1, 1) ⊕ (3, 1) under ρ ∈ SO(4) and the right-moving supercharges transform
as (1, 1)⊕(1, 3) [where representations of SO(4) are written as representations of SU(2)L⊗
SU(2)R]. The singlets correspond to the preserved supersymmetries (2.2), while the triplets
can be understood as follows. Schematically, the left-moving supercurrents are of the form
ψ∂φ. The R-symmetries act on the ψ’s but not the φ’s, but ρ needs to act on ∂φ in a
dual way to ψ in order to commute with the supersymmetries of (2.2). Assuming that ψ
transforms in (2, 1), we find that the SUSY generators are in (2, 1)⊗ (2, 1) = (1, 1)⊕ (3, 1)
as stated above.
As a special case, consider a point in moduli space that is invariant under an isometry.
The isometry corresponds to an element Mˆ′ ∈ O+(19, 3,Z) ⊂ O+(20, 4,Z) and the projec-
tion ρ′ of g−1Mˆ′g to the SO(3) ⊂ SO(4) factor of K determines the amount of preserved
supersymmetry as follows. The isometry always preserves the supersymmetries of (2.2),
and for every complex structure that the isometry preserves we get an extra supersymme-
try of the type (2.4). By construction [28], the complex structures are in a triplet of SO(3)
(the group of which ρ′ is an element), and so the number of (left and right) preserved
supersymmetries of type (2.4) is the number of eigenvalues of 1 of ρ′. As an element of
SO(4), ρ′ has an extra eigenvalue of 1, which corresponds to the preserved supersymmetry
of type (2.2).
4.2 Perturbative analysis
We will now construct the wave equation that the ground-state wave-functions satisfy
for a target space constructed by fibering a T 2 (of complex structure τ) over an open
neighborhood of C (parameterized by z), with a slowly varying τ(z). We take the metric
as in (4.1) and choose the fields that correspond to the complex coordinates as follows:
z→ φz , z→ φz , w ≡ 12π (x1 + τ(z)x2)→ φw , w ≡ 12π (x1 + τ(z)x2)→ φw . (4.4)
The periodicity of the holomorphic coordinate w is w ∼ w+1 ∼ w+τ , but the dependence
of τ on z is inconvenient here. We will therefore work in a mixed convention where the
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fundamental fields are
φz , φz , φ1 , φ2 , ψz , ψz , ψz , ψ
z
, ψ1 , ψ2 , ψ
1
, ψ
2
.
We denote the canonical dual momenta of the bosons in this formalism by
Π′z , Π
′
z , Π
′
1 , Π
′
2 .
They are related to the canonical momenta of φw and φz by2
Πw =
i
2τ2
(τΠ′1 −Π′2) , Πz = Π′z +
iτ ′φ2
2τ2
(Π′2 − τΠ′1) ,
and ψ1 and ψ2 are related to ψw and ψz by:
ψw = ψ1 + τψ2 + τ ′φ2ψz .
We rewrite the left equation in (2.5) as
Q =
∫ [
ψz
(
Π′z +Giz∂1φ
i
)
+
i
2τ2
(ψ1 + τψ2)
(
Π′2 − τΠ′1 +G2I∂1φI − τG1I∂1φI
)]
dσ1 ,
(4.5)
Now, we put the theory on S1 with a mirror-symmetry twist. This is achieved by adding
a term similar to (3.3) to the action. The mirror-symmetry operation acts as
(ψ1 + τψ2)→ i(ψ1 + τψ2) ,
and in order to preserve Q it must also act as,(
Π′2 − τΠ′1 +G2I∂1φI − τG1I∂1φI
)→ −i(Π′2 − τΠ′1 +G2I∂1φI − τG1I∂1φI) .
The mirror-symmetry twist eliminates the zero-modes of (ψ1 + τψ2) and of the term it
multiplies in (4.5), and their modes become nonintegral (in Z± 14 ). Since we are interested
in the ground states, in the limit of slowly varying τ(z) we can ignore the terms that contain
these fields in (4.5). We are therefore left with
Q→
∫
ψz
(
Π′z +Giz∂1φ
i
)
dσ1 →
∫
ψzΠ′zdσ1 . (4.6)
We also dropped the term proportional to ∂1φ
i because we are only interested in modes
with zero momentum along S1. The ground states can now be constructed as follows.
Let b
z
0 and b
z
0 be the zero modes in the mode expansion of ψ
z
and ψz, respectively. For
constant τ(z) (i.e., for C×T 2) we build a basis of ground state wave-functions by combining
a ground state of the T 2 compactification with a ground state of the C compactification.
The ground states of the T 2 compactification are labeled by j = 0, . . . ,k−1 = 1, as in §3.3
(and we keep track of k for possible generalizations as in §3.5). The ground states of the
2The following relations are obtained by applying the change of variables from (x1,x2, z, z) to (w,w, z, z)
of (4.4). For example, Πw transforms as a component of a 1-form, and ψ
w as a component of a vector.
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C problem correspond to Dolbeault ∂-cohomology on C (which are not normalizable, but
that is not going to be a problem since we are not going to use all of C but rather we are
going to patch open subsets of C to form a CP1). We denote by |j〉 the state that satisfies
bz 0|j〉 = bz 0|j〉 = 0 and corresponds to the jth ground state of the T 2 problem. A generic
ground state can then be written as
ωj(z, z)|j〉+ ωj,z(z, z)bz0|j〉+ ωj,z(z, z)bz0|j〉+ ωj,zz(z, z)b
z
0b
z
0|j〉
where (z, z) are the “center-of-mass” coordinates in the z (and z) directions. To be annihi-
lated by Q requires
χj ≡ ωj + ωj,zdz+ ωj,zdz+ ωj,zzdz ∧ dz
to be a sum of dz∂z-closed forms, and in the topologically twisted theory (the A-model as
in [22]) we also impose an equivalence up to dz∂z-exact forms. Since the theory is on a
flat worldsheet, the topologically twisted theory is equivalent to the untwisted one, and
so χj is in the dz∂z-cohomology. In particular, ωj is a holomorphic 0-form and ωj,zdz is a
holomorphic 1-form. Given the structure of Q and the approximation (4.6), this statement
is also true when τ(z) varies slowly.
Next, we need to glue the {χj}k−1j=0 across cuts where the T 2 fiber undergoes an SL(2,Z)
transformation. We construct the expression
χ ≡
k−1∑
j=0
χj(z, z)Θj,k(w, τ(z)),
where the theta function Θj,k(u, τ) was defined in (3.11), and naturally corresponds to
the ground state |j〉. We require the form χ to be single-valued across cuts, which follows
from the fact that the collection of Θ-functions transforms in a dual way to χj , since the
Θ-functions transform like the states |j〉. The Θ-functions are holomorphic and so χ is in
the dz∂z-cohomology. The (0, 0)-form and (1, 0)-form in χ are
χ(0,0) + χ(1,0) ≡
k−1∑
j=0
ωjΘj,k(w, τ(z)) +
k−1∑
j=0
ωj,zΘj,k(w, τ(z))dz,
which is a formal sum of a holomorphic section χ(0,0) of a certain line-bundle L (to be
described in more detail below) and a holomorphic differential χ(1,0) with coefficients in L.
The (0, 1) and (1, 1) components
χ(0,1) + χ(1,1) ≡
k−1∑
j=0
ωj,zΘj,k(w, τ(z))dz +
k−1∑
j=0
ωj,zzΘj,k(w, τ(z))dz ∧ dz
are of course not holomorphic. They are required to be in the dz∂z cohomology, but this
cohomology is not so convenient to work with. We will now show that it can be converted
to the ordinary ∂ cohomology. Consider for example the (0, 1) Dolbeault cohomology with
coefficients in some line-bundle L over K3. Since ∂ = dz∂z + dw∂w, we only need to
show that every ∂-cohomology class has a representative that has no terms in it of the
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form (· · · )dw — in other words, its restriction to any elliptic fiber vanishes. Let ϕ be a
∂-closed (0, 1) form with coefficients in L over K3. Let c1(L) be the first Chern class. The
restriction of c1(L) to any elliptic fiber is k times the generator of H(1,1)(T 2,Z), and since
k is a positive integer, Serre duality implies that H1(T 2,L|T 2) = 0. Now cover the base
B with contractible open sets, such that each contains at most one special point zj. We
thus have B =
⋃
α Uα written as a union of open patches. Let π−1Uα be the pre-image of
the patch Uα under the projection map π : K3 → B (of the elliptic fibration). We have
H1(π−1Uα,L) = 0 and so the restriction of ϕ to π−1Uα can be written as ∂ψα for some
local function ψα. (This is also true if Uα contains a zj, by an explicit computation.) On
Uαβ ≡ Uα
⋂Uβ we find that ψαβ ≡ ψα − ψβ is holomorphic. Let {ρα}α be a partition of
unity for the base CP1 ≃ B (i.e., ρα(z, z) is a function with support on Uα and
∑
α ρα = 1
everywhere). Define gα ≡
∑
β ρβψαβ . Then the functions fα ≡ ψα − gα patch together to
a global function on K3 which we denote by f. (The last statement follows because, as is
easy to see, fα = fβ on Uαβ .) It is then easy to check that the restriction of ϕ− ∂f to any
elliptic fiber is zero. This completes the proof and demonstrates that we can work with
the standard ∂ differential operator instead of the cumbersome dz∂z.
Let KB be the canonical bundle of the base B ≃ CP1 (whose transition functions are
the Jacobians dzα/dzβ) and let K′ ≡ π∗KB be the pullback of KB under the projection
map π : K3 → B. We can now summarize:
• Ground states of the form ωj(z, z)|j〉 correspond to elements of H0(K3,L);
• Ground states of the form ωj,z(z, z)bz0|j〉 correspond to elements of H0(K3,L ⊗K′);
• Ground states of the form ωj,z(z, z)bz0|j〉 correspond to elements of H1(K3,L);
• Ground states of the form ωj,zz(z, z)bz0bz0|j〉 correspond to elements of H1(K3,L⊗K′);
Let us now be more specific about L. Let ωB be the (1, 1)-cohomology class that is Poincare´
dual to the zero section B0 (x = y = ∞) of the elliptic fibration, whose homology class
we denote by [B0]. Let [F] denote the homology class of the fiber and let ωF be the (1, 1)-
cohomology class that is Poincare´ dual to [F]. The intersection numbers are
[F] · [F] = 0 , [B0] · [B0] = −2 , [B0] · [F] = 1 . (4.7)
We have
c1(K′) = −2ωF , c1(L) = kωB + nωF , (4.8)
where n ∈ Z still needs to be determined. We determined the coefficient k of ωB by the
requirement that, when restricted to a fiber, c1(L) should be k times the generator of the
second cohomology of the fiber.
To proceed, we note that the Hirzebruch-Riemann-Roch theorem for K3-surfaces states
that
h0(K3,L)− h1(K3,L) = h0(K3,L)− h1(K3,L) + h2(K3,L) = 2 + 12c1(L)2 = 2+ kn− k2 ,
(4.9)
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where we used the vanishing of h2(K3,L), which follows from Serre duality [h2(K3,L) =
h0(K3,L−1)] and the fact that L−1 has no holomorphic sections since it restricts to a line
bundle with a negative first Chern class on an elliptic fiber. Similarly,
h0(K3,L ⊗K′)− h1(K3,L ⊗K′) = 2 + 12c1(L ⊗K′)2 = 2 + k(n− 2)− k2 , (4.10)
We can now calculate the total contribution of these “perturbative states” to the Witten
index:
Ipert = −
[
h0(K3,L)− h1(K3,L)− h0(K3,L ⊗K′) + h1(K3,L ⊗K′)
]
= −2k = −4.
(4.11)
The overall (−) sign comes because, as we have seen in §3.4, the ground state |j〉 has odd
fermion number (−)F = −1.
The result (4.11) is not sensitive to the value of n, but for completeness let us determine
n and the individual dimensions of the cohomologies. The dimension h0(K3,L) of the space
of holomorphic sections of a line bundle L over K3 can be determined as follows (see [30]
for the relevant mathematical background). The question is equivalent to asking for the
dimension of the space of meromorphic functions whose divisor of poles is no bigger than
nF+ kB0 (i.e., it has a pole of order no bigger than k on B0 and of order no bigger than
n on F). For k = 2, the general function with this property is
f(z, x) = Pn(z) +Qn−4(z)x,
where Pn is a polynomial of degree n in z and Qn−4 is a polynomial of degree (n−4). This
is because in terms of w, x is proportional to the Weierstrass function ℘(w; τ), which has a
pole of order 2 at w = 0. Moreover, near z =∞ the elliptic fibration equation (4.2) makes
sense in coordinates z′ = 1/z with x′ = x/z4 and y′ = y/z6. Therefore, near z′ = 0 we find
that f(1/z′, x′/z′4) has a pole of order n in z′. We can therefore calculate the dimension
of h0(K3,L) as the number of independent coefficients in f(z, x) and find:
(k = 2) h0(K3,L) =

2n − 2 for n ≥ 3
n+ 1 for 0 ≤ n ≤ 2
0 for n < 0
(4.12)
For k = 3 a similar argument shows that
Pn(z) +Qn−4(z)x+Rn−6(z)y
is the general solution, so that
(k = 3) h0(K3,L) =

3n − 7 for n ≥ 5
2n − 2 for 3 ≤ n ≤ 4
n+ 1 for 0 ≤ n ≤ 2
0 for n < 0
(4.13)
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while for k = 1 we are left with only a polynomial Pn(z) with
(k = 1) h0(K3,L) =
{
n+ 1 for 0 ≤ n
0 for n < 0
(4.14)
We can now calculate h1(K3,L) from (4.9), and in particular we find that
h1(K3,L) = 0 for

n ≥ 0, k = 1
n ≥ 3, k = 2
n ≥ 5, k = 3
(4.15)
For h0(K3,L ⊗K′) and h1(K3,L ⊗K′) we get similar results after replacing n→ n− 2 in
(4.12)-(4.15).
Now let us determine n. The first Chern class of a line bundle can be calculated if
a norm on the C-fibers of the line bundle is given (with the assumption that the norm is
independent of the patch used to calculate it). Thus, if s is a local section of L then (see
for instance [31] p148):
c1(L) = − i
2π
[∂∂ log(‖s‖2)] ,
where ‖s‖ is the norm of s (as a function of the point on K3) and [(· · · )] is the cohomology
class of the 2-form (· · · ). In our case a natural norm is given as follows. Consider for
example the 0-forms
χ(0,0) ≡
k−1∑
j=0
χ
(0,0)
j (z, z)Θj,k(w, τ(z)).
Since, we can write the normalized wave-function on T 2 as (3.10) with ϕj,k normalized so
that
∫ |ϕj,k|2dx1dx2 = 1, we find the total norm
‖χ(0,0)‖2 = 1
4π2
∫
(2kτ2)
1/2e−
kτ2x
2
2
2pi |χ(0,0)|2|gzz|d2zdx1dx2
and we can set
‖s‖2 → 1
4π2
(2kτ2)
1/2e−
kτ2x
2
2
2pi |χ(0,0)|2 .
Since χ(0,0) is holomorphic, and setting x2 = 2π(w −w)/(τ − τ), we find
c1(L) = − i
2π
[
∂∂
(−kτ2x22
2π
)]− i4π [∂∂ log τ2] = 14π2kdx1 ∧ dx2 + i16πτ22 dτ ∧ dτ (4.16)
The integral of the second term over a fundamental domain F of the SL(2,Z) action on
the upper-half τ -plane gives
i
2π
∫
F
dτ ∧ dτ
8τ22
=
1
24
.
Since the elliptic fibration equation (4.2) describes the base B (given by the locus of
x1 = x2 = 0) as a 24-fold cover of the fundamental domain F , we find that the pullback
of c1(L) to B is 24× ( 124 ) = 1. Thus
c1(L) = kωB + (1 + 2k)ωF .
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[Note that
∫
B0
ωB = [B0] · [B0] = −2, so
∫
B0
c1(L) = (1 + 2k− 2k).] In particular, (4.15)
implies that
h1(K3,L) = h1(K3,L ⊗K′) = 0 , k = 1, 2, 3,
and all the states can be described by holomorphic sections of either L or L ⊗ K′. For
k = 2, for example, we find
h0(K3,L) = 8 , h0(K3,L ⊗K′) = 4 .
4.3 The Witten Index
Mirror-symmetry of K3 can formally be described [32, 33] by its action on what is known
as a Fourier-Mukai vector. This is an element v ≡ v0 + v2 + v4 in the lattice H0(K3,Z)⊕
H2(K3,Z)⊕H4(K3,Z), and we define v2 ≡ 2v0 · v4+ v22 via the standard intersection form
on cohomology. A mirror-symmetry element is described by a linear transformation on
this vector v that preserves the lattice H0(K3,Z)⊕H2(K3,Z)⊕H4(K3,Z) and preserves
v2. Physically, in the context of type-IIA string theory compactification on K3 × R5,1, we
understand v as a vector of D-brane charges (D0, D2, and D4). Mirror symmetry converts a
combination of pointlike D0’s, D2’s that wrap (real) surfaces in K3, and D4’s that wrap the
entireK3 into a similar combination but with different charges. The advantage of describing
a duality in terms of a Fourier-Mukai vector is that the duality naturally corresponds to
an O(20, 4,Z) matrix.
We can now calculate the Witten index of the theory with the mirror-symmetry twist
by requiring modular invariance of the torus partition function. Explicitly, we insert the
mirror-symmetry operator Mˆ at σ1 = 0, and we compactify (Euclidean) time σ0 on S1 with
periodic boundary conditions for the fermions. We need to calculate the partition function,
which we do by interchanging the roles of σ0 and σ1. If σ0 plays the role of “space”, the
Hilbert space is the space of Ramond-Ramond ground states, which is naturally mapped to
the Fourier-Mukai vector space.3 Letting Mˆ denote the O(20, 4,Z) matrix that describes
the action of Mˆ on the Fourier-Mukai vector, we calculate the Witten index as
I(Mˆ) = tr{(−1)F Mˆ} = tr Mˆ. (4.17)
We have set (−)F = 1, since we only have even-dimensional cohomology.
In the complex structure that is compatible with the elliptic fibration (i.e., π : K3 → B
is holomorphic), the nonzero Hodge numbers are h0,0 = h2,2 = h2,0 = h0,2 = 1 and
h1,1 = 20. Let us now review some facts about the cohomology group H2(K3,Z). We can
construct a basis of the Poincare´ dual homology group H2(K3,Z) as follows. First, let [F]
and [B0] be the homology classes defined above equation (4.7), which correspond to the
holomorphic submanifolds given by {z = 0} and {x = y =∞}, respectively. The remaining
18 independent generators of H2(K3,Z) cannot be represented by analytic submanifolds
3In the string theory context each D-brane charge can be mapped to a (possibly fractional) set of
Ramond-Ramond fluxes, as measured at infinity. The operators that correspond (under the CFT state-
operator correspondence) to the Ramond-Ramond ground states of the σ-model are factors in the vertex
operators that correspond to the type-II Ramond-Ramond fluxes.
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but can be constructed as follows. Let γ be a smooth path on B from one of the special
points zi to another zj (i 6= j), avoiding all other special points. While τ(z) is a multivalued
function, undergoing SL(2,Z) transformations along cuts, we can find a small neighborhood
of γ \ {zi, zj} on which τ(z) is represented by an analytic function without cuts. If in that
representation τ(zi) = τ(zj) =∞ (in general, the limits τ(zi) and τ(zj) are only guaranteed
to be SL(2,Z) equivalent) then we can construct a 2-cycle in K3 by taking the basic α 1-
cycle of F (from x1 = 0 to x1 = 2π at a fixed x2), and dragging it along γ. This cycle will
shrink to a point at both ends of γ and hence form a closed 2-cycle. It can be shown that
in homology there are 18 linearly independent 2-cycles of this type, with intersection form
that is equivalent to the E8 ⊕E8 ⊕H lattice, where H is the 2-dimensional lattice Z2 with
intersection form (n1, n2)
2 = 2n1n2 [for (n1, n2) ∈ Z2].
Let ωF, ωB be the Poincare´ dual (1, 1) cohomology classes such that∫
[F]
ωF = 0 ,
∫
[B]
ωF =
∫
[F]
ωB = 1 ,
∫
[B]
ωB = −2 .
For generic f8 and g12, all the integral (1, 1) forms are linear combinations of ωF and
ωB with integer coefficients. Let Υ ⊂ H2(K3,Z) be the sublattice of elements that are
orthogonal (in terms of the intersection pairing) to both ωF and ωB. It is generated by the
cohomology classes of 2-cycles constructed from the paths between zi and zj as described
above. We can now describe Mˆ. Let x0 and x4 be generators of H
0(K3,Z) and H
4(K3,Z)
so that x0 · x4 = 1. Then Mˆ acts as (+1) on Υ and acts as follows on the remaining
generators:
Mˆ(x0) = ωF , Mˆ(x4) = ωB + ωF , Mˆ(ωF) = −x0 , Mˆ(ωB) = x0 − x4 .
According to the prescription of §4.1, this transformation preserves two pairs of left and
right moving supersymmetries. We note that for (2, 2) models, mirror symmetry always
preserves all the left-moving supercharges and only one combination of the right-moving
supercharges (see, e.g., [19]). Since we are dealing with a (4, 4) model, there are two
additional left and right moving supercharges that are not part of the (2, 2) superconfor-
mal algebra, and one combination of the two additional right-moving supercharges is also
preserved by Mˆ. Calculation of the Witten index now gives:
I(Mˆ) = tr{(−1)F Mˆ} = 20. (4.18)
In §4.2 we calculated the contribution of Ipert = −4 to the Witten index from states with
extended wave-functions along B. Comparing (4.11) to (4.18), we see that we need to
account for an additional contribution of 24. Since there are exactly 24 special points of B
with singular fibers, it stands to reason that there are extra “bound states” localized near
these special points. We assume that the elliptic fibration is generic, so that the SL(2,Z)
monodromies (in τ) around the special points are all conjugate to τ → τ + 1, and the
behaviors of the fibration near all the special points are equivalent. Thus, if there is a
contribution to the Witten index from localized ground states, it should be a multiple of
24. It is indeed pleasing that our analysis yielded a discrepancy of exactly 24. In the next
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subsection we will bring supporting evidence for the conjecture that each special point
contributes one bound state.
This result can be extended to other values of k (namely k = 1 or k = 3) as follows.
We work at the value ρ = eiπ/3 (where ρ is the complexified area of the fiber). This value
is fixed by O(20, 4,Z) transformations that act as in §3.5 on the fiber. We can construct
them by compounding Mˆ with an operator T that acts as (+1) on Υ and acts as follows
on the remaining generators:
T (x0) = x0 , T (x4) = x4 + ωB + x0 , T (ωF) = ωF − x0 , T (ωB) = ωB + 2x0 .
This is the transformation that shifts the B-field by ωB. We find,
I(MˆT ) = tr{(−1)F MˆT } = 18 , I(MˆT −1) = tr{(−1)F MˆT −1} = 22 .
Locally on the base, MˆT and MˆT −1 act as SL(2,Z) duality transformations of the fiber
with k = 3 and k = 1 respectively. The index can therefore be written generally as
I = 24− 2k (for k = 1, 2, 3) and the contribution of −2k is explained as in (4.11).
4.4 The singular fibers
We can gain more insight about the behavior near a singular fiber by embedding our
problem into string theory. A natural string theory setting is a compactification of type-
IIA string theory (it is more convenient to use type-IIA for reasons to become clear shortly)
on a K3 at a point in moduli space that is invariant under the mirror-symmetry element Mˆ
considered in §4.3. We then compactify one of the remaining directions, say x5, on S1 of
radius R and insert an Mˆ-twist at x5 = 0. In order to preserve some amount of target-space
supersymmetry, we also insert at that point a suitable rotation γ ∈ Spin(4) in directions
6, . . . , 9.4 We then look for the ground states of a string state with winding number w = 1
along direction x5. The twist γ can be chosen so as to ensure that the ground states are
normalizable and localized at x6 = x7 = x8 = x9 = 0. The worldsheet theory that solves
this problem (at string coupling constant zero) is an asymmetric Z4 orbifold of an S
1×K3
compactification with S1 of radius 4R. Since directions 5, . . . , 9 are described by a flat
target space their contribution is easy to analyze and we find that the Ramond-Ramond
ground states of the string are in one-to-one correspondence with the states of the K3 CFT
compactified on S1 with an Mˆ-twist.
Now let us focus on the vicinity of a special point zj. From the point zj there emanates
a cut that is accompanied by the SL(2,Z) transformation τ → τ +1. We will now perform
4The amount of target space supersymmetry is determined as follows. Similarly to §4.1, set K ≡
O(20)×SO(4) and let gK ∈ O+(20, 4,R)/K be the point in moduli space, represented as a coset of groups.
If Mˆ ∈ O+(20, 4,Z) preserves gK then g−1Mˆg ∈ K. Let ρ ∈ SO(4) be the projection of g−1Mˆg to the SO(4)
factor of K. To construct the background we have to specify the action of Mˆ on target-space fermions,
which requires a lift of ρ to the spin group. Let e±iϕ1 and e±iϕ2 be the eigenvalues of (the lift of) ρ in
the spinor representation (2, 1) ⊕ (1, 2). Then the action of Mˆ on the supercharges has eigenvalues e±iϕj
(j = 1, 2), and the number of preserved SUSY generators is the number of eigenvalues that γ has from the
set {e∓iϕj }2j=1, when γ is expressed in the spinor representation (2, 1)⊕ (1, 2). This can be contrasted with
the worldsheet SUSY discussed in §4.1, where the scalar and tensor representations 2(1, 1) ⊕ (3, 1)⊕ (1, 3)
of SO(4) were used instead of the spinor.
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a series of dualities to relate our problem to a problem of quantizing an Ω-deformed [34, 35]
instanton moduli space. Let x1,x2 be coordinates on the fiber F over a certain point z of
the base such that direction x1 corresponds to the cycle that shrinks to zero at zj. Now
perform a fiberwise T-duality on direction x1. This converts the fiber to a T
2 with complex
structure τ˜ = i and area τ2 that becomes infinite at zj. The monodromy τ → τ +1 around
the cut shows that in this T-dual type-IIB background we have an NS5-brane at zj that
extends in directions 5, . . . , 9, and is localized at the dual fiber location (x˜1,x2) = (0, 0).
The mirror-symmetry twist becomes a geometrical twist that acts as a rotation by π/2 in
directions x˜1,x2. There are two fixed points
(x˜1,x2) = (0, 0) or (π, π). (4.19)
The (π, π) fixed point is far from the NS5-brane and so is not expected to have any addi-
tional bound states. Let us now analyze the (0, 0) point by replacing the dual fiber with
an R2. We now have a fundamental string wrapped around direction x5 with a geometrical
twist in directions x˜1,x2, x6, x7, x8, x9 and in the vicinity of an NS5-brane spanning direc-
tions x5, . . . , x9 and localized at z = zj and x˜1 = x2 = 0. The question is whether we get
additional states localized at z = zj. Such states will be related to the existence of bound
states of the string with the NS5-brane. We can generalize the question to one about bound
states of a string with n NS5-branes, which corresponds to a monodromy of τ → τ + n in
the elliptic fibration as would appear when n special points coincide (forming a singular
fiber of type An−1). We can solve the question by performing S-duality, converting the
string and NS5-branes into a D1 and n D5-branes. (The geometrical twists are similar
to those used in the Ω-deformation context to regularize the moduli space of instantons
[34, 35].) We can also regularize the moduli space by adding NSNS B-field components B67
and B89 to turn the moduli space of instantons into instantons on a noncommutative space
[36, 37]. Let us now be more specific about the rotation γ that was introduced in order to
preserve SUSY and eliminate zero modes. We can pick it to be a simultaneous rotation by
−π/4 in two planes, the plane x6 − x7 and the plane x8 − x9, so that combined with the
π/2 rotation in the plane of x˜1−x2 the background will preserve 1/8 (target space) super-
symmetry. At weak string coupling-constant and large R, the D1-D5 dynamics is described
locally [38, 39] by a point on the moduli space of U(n) instantons (on a noncommutative
R
4 in directions 6, . . . , 9) that varies as a function of x5, and with a twist at x5 = 0 that
corresponds to a rotation by (−π/4,−π/4) in the planes 6− 7 and 8− 9, and a rotation by
π/2 in the plane 1− 2 (which acts only on the fermionic degrees of freedom). The ground
states are found by counting the number of instanton solutions that are invariant under
the (−π/4,−π/4) rotation. Consider, for example, the case of an SU(2) instanton and
start with a commutative R4. A rotation in R4 can be compensated by a global SU(2)
gauge transformation as long as the center of the instanton is at the origin. However,
we are forbidding such transformations that modify the behavior at infinity (in directions
6, . . . , 9) and so we are left with only the zero-size instantons as a solution. These need to
be regularized by turning R4 into a noncommutative R4, as mentioned above.
Thus, in order to proceed we recall the extension [36, 37] of the ADHM construction
for U(n) instantons at level m (for us m = 1) on a noncommutative R4. We take complex
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coordinates (z0, z1) on R
4 ≃ C2 with noncommutativity given by
[z0, z
†
0] = [z1, z
†
1] = −
ζ˜
2
,
where ζ˜ is a positive constant. One then picks n × n matrices B0, B1, an n × m matrix
X, and an m × n matrix Y (all matrices have constant complex entries) that satisfy the
quadratic algebraic relations:
[B0, B1] +XY = 0, [B0, B
†
0] + [B1, B
†
1] +XX
† − Y †Y = ζ˜In×n , (4.20)
where In×n is the identity matrix. The moduli space of solutions is then the solution to
(4.20) subject to a U(m) gauge equivalence defined to act on X and Y as
X → XΛ−1 , Y → ΛY , Λ ∈ U(m). (4.21)
One then looks for a (2n +m)× n matrix solution ψ(z0, z1) for the linear equations(
B0 − z0 z1 −B1 X
B†1 − z†1 B†0 − z†0 Y †
)
ψ = 0
where z0, z1 are short for z0In×n, z1In×n. One then constructs the gauge field as Aµ =
ψ†∂µψ. We need an instanton solution that is invariant under the rotation
(z0, z1) 7→ (eiπ/4z0, eiπ/4z1).
This rotation acts on the ADHM fields as
B0 → e
ipi
4 B0 , B1 → e
ipi
4 B1 , X → e
ipi
4 X , Y → e ipi4 Y .
and it is easy to see that the only points in moduli space that are invariant under this
rotation [up to a gauge transformation (4.21)] are those with B0 = B1 = 0 and Y = 0.
For m = 1, it is easy to see that the surviving moduli space is CPn−1. The Hilbert
space of localized states coming from an An−1 singular fiber is therefore equivalent to the
cohomology of CPn−1. In particular, a generic singular fiber (A0 type) carries one extra
state.
5 Other examples of mirror twists in the orbifold limit
In the second part of this paper we will explore the ground states of theories with twists by
other elements of the duality group SO(20, 4,Z) and their possible relation to geometric
quantization of K3. We will perform the computations in the orbifold limit T
4/Z2. We
start by reviewing some known properties of these orbifolds (see [40] for a comprehensive
review).
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5.1 K3 as a T
4/Z2 orbifold
We take (x1,x2,x3,x4) as coordinates on T
4, where each xi (i = 1, . . . , 4) has periodicity
2π. We also define the complex structure by
z =
1
2π
(x1 + τx2) , z
′ =
1
2π
(x3 + τ
′x4) .
The Z2 orbifold is defined as
(z, z′) ≃ (−z,−z′) . (5.1)
This orbifold has 16 fixed points
(x1,x2,x3,x4) = (ǫ1π, ǫ2π, ǫ3π, ǫ4π); (ǫ1, . . . , ǫ4 ∈ {0, 1}) ,
which we denote by P (ǫ1, . . . , ǫ4). A smooth complex manifold can be constructed from this
orbifold by “blowing-up” these fixed points and replacing each P (ǫ1, . . . , ǫ4) with a CP
1
that we denote by E(ǫ1, . . . , ǫ4). We recall that blowing up the origin of C
2/Z2 is done by
replacing the singular orbifold (z, z′) ≃ (−z,−z′) with the subspace of C2×CP1 described
by coordinates (z, z′, [s, t]) (where we use (z, z′) as coordinates on C2 and [s, t] ≃ [λs, λt]
as homogeneous coordinates on CP1) that satisfy zt = z′s, so that for (z, z′) 6= (0, 0) there
is a unique solution [s, t] = [z, z′] but for z = z′ = 0 the entire CP1 survives. Blowing up
an orbifold point in T 4/Z2 is done by replacing a small neighborhood of that point with
a neighborhood of the blown-up origin of C2/Z2. So far we only discussed the complex
structure. The σ-model requires also a complexified Ka¨hler metric which is given by a
Ka¨hler 2-form k and NSNS B-field B. It was shown in [41] that the orbifold limit of the
σ-model corresponds to the limit where the area of each E(ǫ1, . . . , ǫ4) vanishes, while the
flux of B on each E(ǫ1, . . . , ǫ4) remains π. This orbifold has a Z
4
2 group of isometries. The
element Υ(̟1, . . . ,̟4) that is labeled by ̟1, . . . ,̟4 ∈ Z2 (which we treat as numbers
modulo 2) acts as
Υ(a1, . . . , a4) : (x1,x2,x3,x4) 7→ (x1+π̟1,x2+π̟2,x3+π̟3,x4+π̟4) , a1, . . . , a4 ∈ {0, 1}.
(5.2)
Each of these isometries has fixed points. For example Υ(1, 1, 1, 1) has fixed points when
each coordinate x1, . . . ,x4 is ±π/4, and with the identification (5.1), this gives 8 fixed
points. Other than the identity, these isometries act nontrivially on the cycles E(ǫ1, . . . , ǫ4):
E(ǫ1, . . . , ǫ4)
Υ(a1,...,a4)−−−−−−−→ E(ǫ1 + a1, . . . , ǫ4 + a4) ,
where (ǫi + ai) is understood modulo 2.
We will need a convenient basis for the cohomology H2(K3,Z). Let us start by defining
the following elements of H2(K3,Z):
• [E(ǫ1, . . . , ǫ4)] (with ǫi ∈ {0, 1}) denotes the Poincare´ dual of one of the 16 CP1
submanifolds E(ǫ1, . . . , ǫ4) at the intersection of z =
1
2(ǫ1+τǫ2) and z
′ = 12(ǫ3+τ
′ǫ4);
• [M(i, j)] = −[M(j, i)] (with 1 ≤ i < j ≤ 4) corresponds to the Poincare´ dual of
the submanifold given by the two equations xi = ±ci and xj = ±cj (with the ±
signs correlated), for some generic constants ci, cj (not equal to 0 or π). We take the
orientation so that the dual class is represented by δ(xi − ci)δ(xj − cj)dxi ∧ dxj ;
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The intersection numbers are:
[E(ǫ1, . . . , ǫ4)] · [E(ǫ′1, . . . , ǫ′4)] = −2δǫ1ǫ′1δǫ2ǫ′2δǫ3ǫ′3δǫ4ǫ′4 ,
[E(ǫ1, . . . , ǫ4)] · [M(i, j)] = 0 , [M(i, j)] · [M(k, l)] = 2ǫijkl ,
(5.3)
where ǫijkl is the anti-symmetric Levi-Civita symbol. In addition to these cohomol-
ogy classes, H2(K3,Z) also contains some classes that are linear combinations of the
[E(ǫ1, . . . , ǫ4)]’s and [M(i, j)]’s with fractional coefficients. We define
[W (i, j, ǫi, ǫj)] ≡ 12 [M(i, j)] − 12
1∑
ǫ′
1
=0
· · ·
1∑
ǫ′
4
=0
δǫiǫ′iδǫjǫ′j [E(ǫ
′
1, . . . , ǫ
′
4)].
Then, one can show that [W (i, j, ǫi, ǫj)] ∈ H2(K3,Z), and H2(K3,Z) is spanned by the
[W (i, j, ǫi, ǫj)]’s and the [E(ǫ1, . . . , ǫ4)]’s (which is an over-complete system). The [W (i, j, ǫi, ǫj)]’s
are Poincare´ dual to homology classes of submanifolds (not necessarily analytic) that can
be constructed by setting ci and cj , in the definition of [M(i, j)] above, to 0 or π. For
example, [W (3, 4, ǫ3, ǫ4)] is the Poincare´ dual of the smooth analytic manifold defined by
the holomorphic equation,
W (3, 4, ǫ3, ǫ4) = {z′ = 12(ǫ3 + ǫ4τ ′)}. (5.4)
which has genus 0. As another example, [W (1, 3, ǫ1, ǫ3)] can be constructed by starting
with the equations x1 = ǫ1 and x3 = ǫ3 for ǫ1, ǫ3 ∈ {0, 1}. This manifold is not analytic,
of course, and it has a boundary. It intersects E(ǫ1, ǫ
′
2, ǫ3, ǫ
′
4) along a circle which divides
E(ǫ1, ǫ
′
2, ǫ3, ǫ
′
4) into two hemispheres. If we attach one of these hemispheres to the manifold,
for each of the four possible combinations of ǫ′2 and ǫ
′
4, we can get a closed manifold whose
Poincare´ dual is given by [W (1, 3, ǫ1, ǫ3)].
The equation z = ±z0, with generic z0, describes a T 2 ⊂ T 4/Z2. The cohomology
class of this T 2 is given by
[F] ≡ [M(1, 2)],
and we can view it as the fiber of an elliptic fibration that becomes singular at the 4 points
z0 = 0,
1
2 ,
1
2τ,
1
2 +
1
2τ. As we take the limit z0 → 12 (ǫ1+ ǫ2τ), for example, the fiber T 2 turns
into a union of the four exceptional divisors
⋃
ǫ3,ǫ4
E(ǫ1, ǫ2, ǫ3, ǫ4) (ǫ3, ǫ4 = 0, 1) together with
the sphere W (1, 2, ǫ1, ǫ2) counted with multiplicity 2, so that the cohomology agrees:
2[M(1, 2)] = 2[W (1, 2, ǫ1, ǫ2)] +
∑
ǫ3,ǫ4
[E(ǫ1, ǫ2, ǫ3, ǫ4)] .
The fibration has a section which we take to be W (3, 4, ǫ3 = 0, ǫ4 = 0). We define the
cohomology class
[B] ≡ [W (3, 4, ǫ3 = 0, ǫ4 = 0)] = 12 [M(3, 4)] − 12
∑
ǫ′
1
,ǫ′
2
[E(ǫ′1, ǫ
′
2, 0, 0)].
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5.2 Mirror symmetry
In the orbifold limit the CFT is a free theory. Consider the space of states of the CFT on
S1 with coordinate 0 ≤ σ1 ≤ 2π. The Minkowski time coordinate is σ0. In the untwisted
sector there are 4 scalar fields Xµ (µ = 1, . . . , 4) with oscillator expansions [42, 43]:
Xµ(σ0, σ1) = xµ + pµσ0 +
i√
2
∑
m∈Z
m6=0
1
m
(
αµme
−im(σ0−σ1) + α˜µme
−im(σ0+σ1)
)
as well as four left-moving fermionic ψµ fields and right-moving ψ˜µ fields:
ψµ(σ0, σ1) =
∑
m∈Z
ψµme
−im(σ0−σ1) , ψ˜µ(σ0, σ1) =
∑
m∈Z
ψ˜µme
−im(σ0+σ1) .
The twisted sector has similar expansions with m ∈ Z + 12 and with (x1, . . . , x4) taking
values in one of the 16 fixed points of the Z2 action:
(x1, . . . , x4) = (ǫ1π, . . . , ǫ4π).
In what follows we will only be interested in the ground states. Thus we let all the oscillators
with m > 0 be in their ground states and we set pµ = 0. For the untwisted sector this
means that we only have to consider the fermionic zero modes. The ground states |ab〉 are
labeled by two (Dirac) spinor indices a = 1, . . . , 4 and b = 1, . . . 4 on which the zero modes
act as:
ψµ0 |ab〉 = (γµ)aa
′∣∣a′b〉 , ψ˜µ0 |ab〉 = (γµ)bb′∣∣ab′〉 ,
where γµ are the Dirac matrices (in some arbitrary basis). The Z2 orbifold generator acts
as ψ10 · · ·ψ40ψ˜10 · · · ψ˜40 and the surviving Z2-even states can be written in the form
|ab〉 = (γ0)ab|1234〉+ 1
4
ǫµνστ (γ
0γµν)ab|στ 〉+ (γ0γ1234)ab|∅〉 , (5.5)
where we have defined a basis of 1+6+1 Z2-invariant states |∅〉, |µν〉 = −|νµ〉, and |1234〉.
The twisted sector has no fermionic zero modes, and so the ground states are only labeled
by the (x1, . . . , x4) fixed point as |ǫ1, . . . , ǫ4〉.
In string theory these states appear as factors in the worldsheet description of Ramond-
Ramond states for type-II compactification on K3 × R5,1. In type-IIA, for example, the
states that correspond to modes of the RR 0-form, 2-form, and 4-form fields that are
massless plane waves in the R5,1 directions and proportional to harmonic 0-forms, 2-forms,
or 4-forms along K3 contain |ab〉 as a factor. The states of the untwisted sector correspond
to harmonic forms whose cohomology class is Poincare´ dual to a Z2 invariant form on
T 4, and the twisted sector states correspond to harmonic forms that are Poincare´ dual to
E(ǫ1, . . . , ǫ4).
From this description it is easy to derive the action of several dualities. We will
consider several combinations of the basic operators defined as follows. We define S1 as
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the symmetry induced by T-duality on directions x3,x4 followed by a rotation x3 → x4. It
acts as
S1|∅〉 = |12〉 , S1|12〉 = −|∅〉 , S1|34〉 = 2|∅〉 − 2|1234〉 , S1|1234〉 = |12〉+ 12 |34〉 ,
S1|ǫ1, ǫ2, ǫ3, ǫ4〉 = 12
∑
ǫ′
3
,ǫ′
4
(−1)ǫ3ǫ′4+ǫ4ǫ′3∣∣ǫ1, ǫ2, ǫ′3, ǫ′4〉 , S1|ij〉 = |ij〉 , (i = 1, 2, j = 3, 4) .
(5.6)
We can understand the action of S1 on the twisted sector states as follows. First note that
the orbifold CFT has a Z42 symmetry with elements that act as
Ω(̟1,̟2,̟3,̟4)|ǫ1, ǫ2, ǫ3, ǫ4〉 = (−1)
∑
4
i=1̟iǫi |ǫ1, ǫ2, ǫ3, ǫ4〉 .
The CFT also has another Z42 symmetry corresponding to the discrete isometries (5.2).
The ground states of the untwisted sector are invariant under these symmetries, but the
ground states of the twisted sector are not:
Υ(̟1,̟2,̟3,̟4)|ǫ1, ǫ2, ǫ3, ǫ4〉 = |ǫ1 +̟1, ǫ2 +̟2, ǫ3 +̟3, ǫ4 +̟4〉.
The operator S1 must convert discrete Z2 winding number in directions 3, 4 to discrete
Z2 momentum in directions 4, 3, respectively, because S1 corresponds to T-duality. The
symmetries Υ(̟1, . . . ,̟4) play the role of discrete momentum while Ω(̟1, . . . ,̟4) play
the role of discrete winding number, thus
S−11 Υ(0, 0,̟3,̟4)S1 = Ω(0, 0,̟4,̟3).
This explains the expression for S1|ǫ1, . . . , ǫ4〉 in (5.6). It is an eigenstate of the four
Υ(0, 0,̟3,̟4)’s with eigenvalues (−1)̟3ǫ4+̟4ǫ3 .
The transformation S1 corresponds to the T-duality element
(
0 1
−1 0
)
∈ SL(2,Z) for
the T 2 in directions x3,x4, and we can also define T1 which corresponds to the element(
1 1
0 1
)
∈ SL(2,Z).
T1|∅〉 = |∅〉 , T1|12〉 = |12〉+ |∅〉 , T1|34〉 = |34〉 , T1|1234〉 = |1234〉 − 12 |34〉 ,
T1|ǫ1, ǫ2, ǫ3, ǫ4〉 = (−1)ǫ3ǫ4 |ǫ1, ǫ2, ǫ3, ǫ4〉 , T1|ij〉 = |ij〉 , (i = 1, 2, j = 3, 4).
(5.7)
Similarly to S1,T1 we define S2,T2 which act as T-duality on the T 2 in directions x1,x2.
Thus,
S2|∅〉 = |34〉 , S2|34〉 = −|∅〉 , S2|12〉 = 2|∅〉 − 2|1234〉 , S2|1234〉 = |34〉+ 12 |12〉 ,
S2|ǫ1, ǫ2, ǫ3, ǫ4〉 = 12
∑
ǫ′
1
,ǫ′
2
(−1)ǫ1ǫ′2+ǫ2ǫ′1∣∣ǫ′1, ǫ′2, ǫ3, ǫ4〉 , S2|ij〉 = |ij〉 , (i = 1, 2, j = 3, 4).
(5.8)
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and
T2|∅〉 = |∅〉 , T2|34〉 = |34〉+ |∅〉 , T2|12〉 = |12〉 , T2|1234〉 = |1234〉 − 12 |12〉 ,
T2|ǫ1, ǫ2, ǫ3, ǫ4〉 = (−1)ǫ1ǫ2 |ǫ1, ǫ2, ǫ3, ǫ4〉 , T2|ij〉 = |ij〉 , (i = 1, 2, j = 3, 4).
(5.9)
There is a map between the Fourier-Mukai vector space discussed in §4.3 and the vector
space of ground states defined in (5.5),
x0 7→ |∅〉 , x4 7→ |1234〉 − 14
∑
ǫ1,...,ǫ4
|ǫ1, ǫ2, ǫ3, ǫ4〉 ,
[E(ǫ1, . . . , ǫ4)] 7→ |ǫ1, ǫ2, ǫ3, ǫ4〉 − 12 |∅〉 , [M(µ, ν)] 7→ |µν〉 , (1 ≤ µ < ν ≤ 4) ,
(5.10)
We recall that (5.10) can be interpreted in terms of the phenomenon of “fractional branes”
[44, 45]. the Fourier-Mukai vector can be thought of as a vector of Ramond-Ramond
charges carried by some D-brane configuration. Due to the coupling, for example, between
the NSNS 2-form field and the 1-form RR-field on the world volume of a D2-brane, a
D2-brane that wraps an exceptional divisor also carries the charge equivalent of half a
D0-brane.
Combining (5.6) and (5.10) we get the action of S1 on the Fourier-Mukai vector v via
its action on the basis:
S1(x0) = [M(1, 2)] , S1([M(1, 2)]) = −x0 ,
S1([M(i, j)]) = [M(i, j)] , (i = 1, 2, j = 3, 4) ,
S1([M(3, 4)]) = −2x4 − 12
∑
ǫ1,...,ǫ4
[E(ǫ1, ǫ2, ǫ3, ǫ4)]− 2x0 ,
S1([E(ǫ1, ǫ2, ǫ3, ǫ4)]) = −12 [M(1, 2)] + 12
∑
ǫ′
3
,ǫ′
4
(−1)ǫ3ǫ′4+ǫ4ǫ′3 [E(ǫ1, ǫ2, ǫ′3, ǫ′4)] + δǫ30δǫ40x0 ,
S1(x4) = 12 [M(3, 4)] + [M(1, 2)] − 12
∑
ǫ1,ǫ2
[E(ǫ1, ǫ2, 0, 0)] − x0 .
(5.11)
The operation S1 is intuitively understood as T-duality on the x3,x4 directions.
For the special complex structure τ = i there is an additional Z4 symmetry generated
by a (π/2)-rotation of the x1 − x2 torus around the origin. It acts as
R2|∅〉 = |∅〉 , R2|34〉 = |34〉 , R2|12〉 = |12〉 , R2|1234〉 = |1234〉 ,
R2|ǫ1, ǫ2, ǫ3, ǫ4〉 = |ǫ2, ǫ1, ǫ3, ǫ4〉 , R2|1j〉 = |2j〉 , R2|2j〉 = −|1j〉 , (j = 3, 4).
(5.12)
We now compactify σ1 on S1 and insert a duality twist Mˆ. We will start with the
two cases with Mˆ = S1 or Mˆ = S1S2. We wish to find the Hilbert space of ground states.
Using (4.17) and the explicit expressions (5.6)-(5.7) and (5.8)-(5.9) we calculate the Witten
indices:
I(S1) = 12, I(S1S2) = 8 . (5.13)
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In §5.2.1-§5.2.2, we will describe the ground states directly by orbifolding the construction
of §3. We can also consider other duality twists. Take for example the twists by S1T1 and
S1T1S2T2 with calculated Witten indices:
I(S1T1) = 10, I(S1T1S2T2) = 6. (5.14)
These will be discussed in §5.2.3-§5.2.4. Lastly, in §5.2.5 we will study a combination of
rotation on the base B and duality on the fiber F with the relevant Witten index
I(S1R2) = 4. (5.15)
5.2.1 The S1 twist
We need to account for a Witten index of 12. The twist S1 acts as T-duality on directions
x3,x4. Thus, we begin by adding
1
2π
∫
(x′3dx4 − x′4dx3) , with x′I ≡ xI(σ1 = 2π) , xI ≡ xI(σ1 = 0) ,
to the action of the CFT. The x1,x2 CFT is unchanged. In the untwisted sector we set
x′I = xI for I = 1, 2, 3, 4. At low-energy the x3−x4 sector of the CFT reduces to geometric
quantization of T 2 with symplectic form 2dx3 ∧ dx4, resulting in a 2-dimensional Hilbert
space that corresponds to the space of level-2 Θ-functions on T 2. All states of this sector
are bosonic. The x1 −x2 CFT reduces to supersymmetric quantum mechanics on T 2 with
states corresponding to the cohomology H∗(T 2,R). We need to keep only the states that
are invariant under the orbifold action xI → −xI . This acts on level-k Θ-functions as
Θk,j → Θk,k−j and so for k = 2 all Θ-functions are invariant. On the base B, the Z2-
invariant states are those corresponding to the even cohomology, i.e., 1 and dx1 ∧ dx2, and
the Z2-odd states are those that correspond to the odd cohomology, i.e., dx1 and dx2. Now,
the missing piece of information that we need in order to combine the states of the x3−x4
CFT with the states of the x1−x2 CFT, to form Z2-invariant states, is whether the single
ground state of the fermionic sector of the x3 − x4 directions is Z2-even or Z2-odd. If this
ground state is Z2-even then we combine the 2 states of the x3 − x4 sector with the even
dimensional cohomology states 1 and dx1 ∧ dx2. On the other hand, if the ground state
is Z2-odd then we combine the 2 states of the x3 − x4 sector with the odd dimensional
cohomology states dx1 and dx2. In any case, the untwisted sector produces 2 × 2 = 4
states, but we need to know whether they contribute +4 or −4 to the Witten index. An
argument as in §3.4 implies that the ground state of the fermionic ψ3, ψ4, ψ3, ψ4 system is
actually Z2-odd and has an odd fermion number. Altogether, combining it with the Z2-odd
and fermionic states dx3 and dx4 shows that the untwisted sector has 2×2 = 4 states that
contribute +4 to the Witten index.
In the twisted sector we have to set x′I = −xI for I = 1, 2, 3, 4. At low-energy the
x3 −x4 sector reduces to geometric quantization of T 2 with symplectic form −2dx3 ∧ dx4,
again resulting in a 2-dimensional Hilbert space. These states can still be identified with
level-2 Θ-functions provided we take the opposite complex structure where the holomorphic
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variable is z′ ≡ x3+x4τ ′ instead of z′ ≡ x3+x4τ . For the x1−x2 CFT the twisted boundary
conditions leave us with only 4 states that are localized at the fixed points of Z2, i.e., at
(x1,x2) = one of (0, 0), (0, π), (π, 0), (π, π). (5.16)
They are all invariant under Z2 and the twisted sector therefore has 4 × 2 = 8 states.
They must have even fermion number so as to contribute +8 to the Witten index, so
that altogether we get a total of 12 bosonic states, in accordance with the Witten index
calculated in (5.13). Note that the 4 wave-functions of the states of the untwisted sector
are spread across the base B, while the 8 wave-functions of the twisted sector are localized
at the 4 singular fibers, with 2 states for each singular fiber.
5.2.2 The S1S2 twist
The S1S2 twist acts as T-duality on both fiber and base. The untwisted sector has 2×2 = 4
states corresponding to geometric quantization of T 2 × T 2 with symplectic form
ω = 2dx1 ∧ dx2 + 2dx3 ∧ dx4.
This sector gives rise to 4 states which can be identified with states of geometric quantiza-
tion of (T 2×T 2)/Z2 with symplectic form given by the same ω as above, which is Poincare´
dual to [M(1, 2)] + [M(3, 4)].
The twisted sector similarly has 2× 2 = 4 states corresponding to geometric quantiza-
tion of (T 2 × T 2)/Z2 with symplectic form
ω′ = −2dx1 ∧ dx2 − 2dx3 ∧ dx4.
This sector gives rise to 4 states which can be identified with states of geometric quan-
tization of (T 2 × T 2)/Z2 with symplectic form given by the same ω as above, which is
Poincare´ dual to −[M(1, 2)]− [M(3, 4)]. Altogether in both sectors we get 8 bosonic states,
in accordance with the Witten index calculated in (5.13).
5.2.3 The S1T1 twist
The twist S1 acts as T-duality on directions x3,x4 and the twist T1 acts as spectral flow
on the B-field. Thus, we add
1
2π
∫
(x′3dx4 − x′4dx3 − x3dx4) , with x′I ≡ xI(σ1 = 2π) , xI ≡ xI(σ1 = 0) ,
to the action of the CFT. The x1,x2 CFT is unchanged. As before, we set x
′
I = xI
for I = 1, 2, 3, 4 in the untwisted sector. Now at low-energy the x3 − x4 sector of the
CFT reduces to geometric quantization of T 2 with symplectic form dx3 ∧ dx4, with a
1-dimensional Hilbert space that corresponds to the level-1 Θ-function on T 2, which is
invariant under the orbifold action xI → −xI . This state is bosonic. The x1 − x2 CFT is
unchanged from 5.2.1, and since the ground state in the x3−x4 sector is again Z2-odd, we
combine it with the odd cohomology states dx1 and dx2, and this contributes +2 to the
Witten index.
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In the twisted sector we have to set x′I = −xI for I = 1, 2, 3, 4. At low-energy the
x3 −x4 sector reduces to geometric quantization of T 2 with symplectic form −3dx3 ∧ dx4,
with a 3-dimensional Hilbert space. However, the Hilbert space of level-3 Θ-functions that
are invariant under the orbifold action xI → −xI is 2-dimensional; Θ3,0 and the linear
combination Θ3,1 +Θ3,2 are invariant. These states are bosonic.
The twisted sector of the x1 − x2 CFT is again the same as in 5.2.1, with 4 states
corresponding to the fixed points (5.16), so altogether the twisted sector has 4 × 2 = 8
states. They must have even fermion number so as to contribute +8 to the Witten index,
so that altogether we get a total of 10 bosonic states, in accordance with the Witten index
calculated in (5.14).
5.2.4 The S1T1S2T2 twist
The S1T1S2T2 twist acts as T-duality and spectral flow on both fiber and base. The
untwisted sector has 1 × 1 = 1 state corresponding to geometric quantization of T 2 × T 2
with symplectic form
ω = dx1 ∧ dx2 + dx3 ∧ dx4.
This state is Z2 even, and hence survives the orbifold projection of (T
2 × T 2)/Z2. The
twisted sector similarly has 2 × 2 + 1 × 1 = 5 states which are the Z2-even states of the
Hilbert space that we get by geometric quantization of T 2 × T 2 with symplectic form
ω′ = −3dx1 ∧ dx2 − 3dx3 ∧ dx4.
The 2 × 2 = 4 states come from the combination of Z2 invariant subspaces of the level-3
Θ-functions on each T 2 (given by Θ3,0 and Θ3,1 + Θ3,2 on each T
2). The 1 × 1 = 1
state comes from the combination of 1-dimensional Z2 odd subspaces on each T
2 (given
by Θ3,1 − Θ3,2 on each T 2). Altogether, combining both sectors we get 6 bosonic states,
which is in accordance with the Witten index that we calculated in (5.14).
5.2.5 The S1R2 twist
The S1 twist acts on directions x3 − x4 as in (5.2.1), while R2 acts as a rotation by π/2
of the x1 − x2 torus, which is assumed to have complex structure τ = i. In the untwisted
sector there are two ground states for the x3 − x4 system, corresponding to Θk,j for k = 2
(j = 0, 1), and there are two ground states of the x1−x2 system corresponding to the two
R2 fixed points (x1,x2) = (0, 0) and (π, π). In the twisted sector, we effectively add another
Z2 twist, which is equivalent to changing the symplectic form from 2x3 ∧ x4 to −2x3 ∧ x4
and at the same time replacing R2 with R−12 . The generator of the Z2 action acts trivially
on the bosonic parts of the ground states of both the untwisted and twisted sectors, but the
fermionic part of the twisted ground state has opposite Z2 charge relative to its untwisted
counterpart. (This can be seen, for example, using the state-operator correspondence after
bosonization of the fermions.) Thus, only one sector, say the untwisted one, survives the
orbifold projection on Z2-invariant states. Altogether, we end up with four ground states,
two for each fixed point (x1,x2) = (0, 0) and (π, π).
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6 Connection with geometric quantization
So far we have seen hints of a connection with geometric quantization of the target space.
In particular, for the simple case of a T 2 target space, the relevant low-energy terms in the
action reduce to the action of geometric quantization of T 2 at level k = 2 [see (3.3)], and
thus we have identified the Hilbert space of ground states with the Hilbert space Hgq(T 2,k)
obtained by geometric quantization of T 2 with symplectic form k2πdx1 ∧ dx2. Geometric
quantization defines a noncommutative geometry on T 2, and the latter made a well-known
appearance in string theory in [46]-[48]. As explained in [48], it appears when we take the
limit of large B field for a sigma-model with T 2 target space formulated on a worldsheet
with boundary. In this limit the worldsheet action reduces to a 0+1D action of the form
(3.8) on the boundary (see also [49]). Noncommutative geometry also makes an appearance
on D-branes probing asymmetric orbifolds [50]. In our context, noncommutative geometry
arises on a closed worldsheet, but with modified boundary conditions along a nontrivial
cycle (i.e., the T-duality twist along the S1). It would be interesting to understand whether
there is a more general connection between duality-twists and geometric quantization, and
we will explore this a little bit further in this section.
A connection with geometric quantization would imply that there is a natural way
to construct operators that act on Hgq(T 2,k). The ring of operators can be constructed
from the generators exp(ix1) and exp(ix2), and therefore we would like to understand
how to construct matrix elements of these operators naturally from the σ-model. Inserting
exp(iφj(σ1)) at some position σ1 is not the right answer, because exp(ixj) should be dimen-
sionless, whereas the normal ordered operators : exp(iφj) : have positive dimensions (which
depend on the target space metric). As a matter of fact, even the operators exp(ixj) in
the 0+1D Landau problem [given by the Lagrangian IL of (3.9)] at low-energy do not flow
directly to exp(ixj) of the geometric quantization system — there is a finite normalization
constant in front.
A possible solution to this problem can be achieved as follows. Let us complexify xj
(j = 1, 2) by adding an imaginary part to define zj ≡ xj + iyj with yj ∈ R. We promote
yj to 1+1D free bosonic fields and add fermionic superpartners. We now compactify as
before with a T-duality twist on the (x1,x2)-directions, and insert a geometrical twist
corresponding to a rotation by (π/2) on the (y1,y2)-variables, namely:
y1(σ
1 = 0) = y2(σ
1 = 2π) , y2(σ
1 = 0) = −y1(σ1 = 2π) ,
and similarly for the fermions, so as to preserve supersymmetry. This twist eliminates all
zero modes, and leaves only one ground state in the (y1,y2) system. In the combined
(x1,x2,y1,y2) system, a matrix element of products of operators exp(izj) between ground
states is independent of the insertion points σ1 and reduces to the matrix element of the
corresponding product of exp(ixj) operators in Hgq. The contribution of the higher modes
of the yj’s cancels out the contribution of the higher modes of the xj’s. So we arrive
at the identification of the low-energy limit (ground states) of a compactification of a σ-
model with target space T 2 × R2 on S1, with a combination of T-duality and geometrical
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twists, and geometric quantization of the T 2, which is the fixed point set of the geometrical
component of the twist.
Let us now extend these observations to geometric quantization on S2. We start with
the orbifold (T 2 × R2)/Z2 and add a twisted boundary condition that acts as T-duality
on T 2 and as rotation by π/2 on R2. The wave-functions of the ground states fall off fast
far away from the origin of R2. To count the number of ground states we recall the model
of §5.2.5 which contained a similar twist, but with R2 replaced by T 2. The π/2 rotation
in that model had two fixed points, but the behavior near each fixed point is the same
as for the (T 2 × R2)/Z2 model. Thus, the number of ground states of the (T 2 × R2)/Z2
model is half that found in §5.2.5, which is two ground states. These ground states should
correspond to geometric quantization of T 2/Z2, which is the space at the origin of R
2. The
symplectic form is k
4π2
dx1 ∧ dx2 (for k = 2) whose integral over T 2/Z2 is 1. The space
T 2/Z2 is equivalent as a complex manifold to CP
1, and so we expect that our system is
equivalent to geometric quantization of CP1 ≃ S2 at level 1. Indeed, the states of geometric
quantization of CP1 at level 1 are constructed as sections of the line bundle O(1), and the
Hilbert space is indeed two-dimensional. We can construct operators from Z2-invariant
operators on T 2. Thus, we consider
Oˆn1,n2 ≡ cos(2π(n1z1 + n2z2)) . (6.1)
Let us now describe how these operators flow in the IR to operators that arise by geometric
quantization of T 2/Z2 ≃ CP1. [That is to say, when projected to the Hilbert space of ground
states the operators (6.1) can be identified with operators acting on the Hilbert space of
geometrically quantized CP1 at level 1.] First let us describe how to get sections of O(1) by
Z2 projection of sections of a line bundle of degree 2 on T
2. We start with the Θ-functions
defined in (3.11). These functions satisfy
Θj,k(u+ 1, τ) = Θj,k(u, τ) , Θj,k(u+ τ, τ) = e
−2πik(u+ 1
2
τ)Θj,k(u, τ) ,
which makes them sections of a rank-k line-bundle over T 2. This line-bundle is invariant
under Z2, in the sense that if f(u) is a section, i.e., satisfies
f(u+ 1) = f(u) , f(u+ τ) = e−2πik(u+
1
2
τ)f(u) , (6.2)
then g(u) ≡ f(−u) is also a section of the same bundle. In particular, we have the relations
Θj,k(−u, τ) = Θj,k−j(u, τ) .
Since f(u) and f(−u) are sections of the same bundle, we can mod out by Z2 by imposing
the condition f(u) = f(−u). For even k, an even holomorphic function f that satisfies
the boundary conditions (6.2) projects to a holomorphic section of the line bundle O(k/2)
on T 2/Z2 ≃ CP1. [For odd k there is a problem at the point u = 12(1 + τ), since as can
be easily seen from (6.2), the would-be section f(±u) on T 2/Z2 would pick up a (−) sign
after traversing a small loop around ±12(1+ τ).] For k = 2 we have the stronger statement
that all holomorphic sections are Z2-invariant. Thus, there is a natural map from the (Z2-
invariant) Hilbert space of ground states of geometric quantization of T 2 at level k = 2
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to the Hilbert space of ground states of geometric quantization of T 2/Z2 ≃ CP1 at level
k = 1. The Hilbert space of ground states of a compactification of the (T 2×R2)/Z2 theory
with a T-duality and geometric rotation twist reduces to the Hilbert space of geometric
quantization of the singular fiber T 2/Z2 at the origin of R
2. The Z2 invariant operators
(6.1) reduce to the corresponding operators on the Hilbert space obtained by geometric
quantization of T 2/Z2. Explicitly, if we denote by |j〉 the state that corresponds to Θj,k
then the projection on the ground states is calculated by geometric quantization and we
have the “clock and shift” matrices
e2πix1 →
(
1 0
0 −1
)
, e2πix2 →
(
0 1
1 0
)
,
from which the general Oˆn1,n2 can easily be calculated and we find
cos(2π(n1z1 + n2z2))→

in1n2
(
1 0
0 (−1)n1
)
for even n2 ,
in1n2
(
0 1
(−1)n1 0
)
for odd n2 .
7 Discussion
This paper was devoted to a few case-studies of the low-energy limit of a compactification
of a quantum field theory on S1 with boundary conditions twisted by a nonperturbative
symmetry. The field theory was a 1+1D supersymmetric σ-model with K3 target space,
and the nonperturbative symmetry was an element of the duality group O(20, 4,Z). The
“low-energy limit” problem becomes the question of identifying the ground states. We
discussed several inequivalent elements of the duality group. Our main results refer to
the element that can be interpreted as T-duality on the fiber, for an elliptically fibered
K3, where the Ka¨hler modulus of the fiber is set to the self-dual value. We found that
there must exist ground states with wave-functions that are localized at the points of the
base (of the elliptic fibration) where the T 2 fiber degenerates. In addition to these, there
are also states that have a spread-out wave-function. We showed that these states are in
one-to-one correspondence with sections of certain holomorphic line-bundles over the K3.
We also supplemented the discussion with the analysis of other elements of O(20, 4,Z) that
we studied in the T 4/Z2 orbifold limit.
The association of a part of the Hilbert space of ground states with sections of a
holomorphic line bundle L over the K3 target space suggests a relation with geometric
quantization. As was explained in [52], the wave-functions of the Hilbert space obtained
by geometric quantization of a Ka¨hler manifold correspond to sections of a holomorphic
line-bundle whose first Chern class is the class of the symplectic form (which is taken to
be the Ka¨hler class). It would be interesting to formulate a more precise connection be-
tween the ground states of a compactification with a mirror-symmetry twist and geometric
quantization. Such a connection should also contain a dictionary for mapping operators
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on the σ-model side to operators on the geometric quantization side. We have begun to
explore such a connection in §6, and we suggested that it might come about as follows. In
a σ-model with a target space that is a T 2n fibration over a 2n-dimensional base, consider
compactification on S1 with a mirror-symmetry twist (realized locally as T-duality on the
fiber) augmented by a suitable geometrical twist that is induced by an isometry of the base
with isolated fixed points. For a suitably chosen geometrical twist, the Hilbert space of
ground states might be identified with the states of geometric quantization of the fibers
(which can be singular) over the fixed points of the geometrical twist. We hope to explore
this idea further in upcoming work.
Our results could have applications to the study of S-duality of 3+1D N = 4 Super-
Yang-Mills (SYM) theory. In [11, 12, 14] a compactification of N = 4 SYM on S1 with
boundary conditions given by a combination of S-duality and R-symmetry twists was stud-
ied, and a possible connection between the low-energy limit and Chern-Simons theory was
suggested, but is not very well understood or established. (See also [13] for another inter-
esting approach.) The connection with our present setting appears if we compactify the
3+1D theory on a Riemann surface Σg (of genus g), together with a suitable topological
twist. If Σg shrinks first, the SYM theory reduces to a certain 1+1D supersymmetric σ-
model [15, 16] (and see [17] for a thorough review and new perspective). The target space
is the Hitchin moduli space MH [51] associated with the gauge group G and Riemann
surface Σg, and S-duality reduces to mirror-symmetry ofMH . For g > 1 the Hitchin space
has (complex) dimension 2(g−1) dimG (where dimG is the dimension of the gauge group)
and can be represented as a fibration [51] of T 2(g−1) dimG over a (g − 1) dimG (complex)
dimensional base B (and the fibers are allowed to degenerate over codimension-1 subman-
ifolds of B). It is therefore interesting to study the ground states of a compactification of
this σ-model on S1 with a mirror-symmetry twist. We expect that there are two kinds of
ground states: (i) those with wave-functions that can be expanded in terms of (holomor-
phic) Θ-functions of the fibers, with coefficients that are forms on the base (and it should
be possible to map these to the cohomology with coefficients in a suitable line-bundle over
MH); and (ii) states with wave-functions that are localized at the degenerate fibers. We
hope to explore this subject and its connection to S-duality of SYM in more detail in future
work.
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